Section 1.3 Algebraic Expressions

Adding and Subtracting Polynomials

POLYNOMIALS

A polynominal in the variable x is an expression of the form
@ xt gttt g X A,

where a, a,. . . ., a, are real numbers and n is a nonnegative integer. If a, # 0,
then the polynomial has degree n. The monomials ¢,x* that make up the polyno-
mial are called the terms of the polynomial.
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Polynomial Type Terms Degree
23X —3x + 4 trinomial 2x2, —3x, 4 2
K+ 5x binomial X%, 5x 8
8§ —x+x*— four terms —, % —x, 8 3
5¢x+ 1 binomial 5x, 1 1
oy monomial 9x° 5
6 monomial 6 0

EXAMPLES:
1. (2% — 62 + 22 +4) + (2 + 527 — Tz) = (2 + 2°) + (=62 + 52?) + (20 — Tx) + 4
=22 — 2 —5r+4
2. (% =62+ 20 +4) — (2* + 522 —Tw) =2® — 622 + 22+ 4 —2° — 52 + T
= (2% — %) + (=62 — 52?) + (22 + Tx) + 4
= 112"+ 9z + 4
3. 2% — 622 + 20+ 4 — 2% + 527 — 7w = (2° — 2%) + (—62% + 52%) + (20 — Tw) + 4
=—2> -5z +4
4. 5(3t —4) — (£ +2) — 2t(t — 3) = 15t — 20 — t* — 2 — 2t* + 6t
= (—t* — 2t*) + (15t + 6t) — 20 — 2
= —3t* + 21t — 22



Multiplying Algebraic Expressions

EXAMPLES:
1. (2z+4+1)(3x —5) =22(3x —5) + 1(3z — )
=2x-3x—2x-5)+(1-3x—1-5)
= (622 — 10z) + (32 — 5)
=62°> — 10z + 3z —5
=62 —Tx —5
2. (27— 3)(2® — 5 +4) = 2z(2® — 5x +4) — 3(2® — 5x + 4)
=2z -2 —2v-5x+2r-4) — (3-22 —3-50+3-4)
= (22° — 102% + 8z) — (32% — 157 + 12)
= 223 — 102% + 8z — 32% + 152 — 12
= 22" — 132° + 23z — 12

Special Product Formulas

SPECIAL PRODUCT FORMULAS

If A and B are any real numbers or algebraic expressions, then

1. A+ B)A—B) =A*— B Sum and difference of same terms

2. (A+ BF =A>+2AB + B Square of a sum

3. A—Bf=A’—2AB+ B Square of a difference

4. A+ B’ = A’ + 3A°B + 3AB* + B° Cube of a sum

5. (A— B} =A°—3A’B+ 3AB* - B’ Cube of a difference
N J
EXAMPLES:

1. (3z+5)? = (32)* +2(3z)(5) + 5% = 922 + 30x + 25

2. (22 —2)% = (22) — 3(22)2(2) + 3(2?)(2)? — 28 = 2 — 6ot + 1222 — 8

3. (20— /7)(2z + /) = (20) — (V§)2 =422 —y

4 (e+y—De+y+)=[z+y —l+y) +1]=(+y?’-1"=a>+2ay+y° -1

5. (xty+2)e—y—2)=z+y+2)lz—(y+z)]=2>-(y+2)?=0a—y*>—2yz — 2
6. (20 —3+y)2x+3+y)=[2x+y)—3][(2r+y)+3] = 2 +y)?— 3% =42® + 4oy + 4> — 9
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Factoring Common Factors

EXAMPLES:
1. 32? — 6z = 3z(z — 2)

2. 8xly? + 623y% — 2wyt = (22y?)(423) + (22y?) (32%y) + (22y?) (—y?) = 2xy? (42 + 322y — y?)

Factoring Trinomials

To factor a trinomial of the form x? + bx + ¢, we note that
(x+r)(z+s)=2+(r+s)z+rs

so we need to choose numbers r» and s so that » +s =10 and rs = c.

EXAMPLES: We have
22+ 7 +12 = (z +3)(z +4) 2~ 20 —-3=(zx—3)(x+1)
To factor a trinomial of the form ax? + bz + ¢ with a # 1, we look for factors of the form px +r
and gx + s:
ar® +bx +c = (pr+7r)(gr + s) = pgz® + (ps + qr)x +rs
Therefore, we try to find numbers p, ¢, r, and s such that
pg=a, rs=c, ps+qr=>o.

If these numbers are all integers, then we will have a limited number of possibilities to try for
p,q,r, and s.

EXAMPLE: To factor 62% 4+ 7z — 5, we note that we can factor 6 as 6 -1 or 3 -2, and —5 as
—5-1or5-(—1). By trying these possibilities, we arrive at the factorization

622 + 72— 5= (3z+5)(2z — 1)
Here is an other way to get the same factorization:

=30 =10 (-3)

2 6'<_5)
6x +7x—5:{ 7 =10+ (=3)

]:6x2—3x+10x—5:3$(2x—1)+5(2$—1)

= (2x —1)(3z+5)
EXAMPLE: We have
8.3=24=(-12) (-2

8z% — 142 + 3 = [ —14 = (—12) + (-2)

] = 82° — 122 — 22 + 3 = 4z(2z — 3) — (22 — 3)
= 4x(2x — 3) — 1(22 — 3)
= (22— 3)(dz — 1)
EXAMPLE: We have
(5a+1)*=20Ba+1)—3=[Puty=5a+1=9> -2y —3=(y—3)(y +1)
=[(5a+1) —3][(ba+1) + 1]

= (5a — 2)(5a + 2)



Special Factoring Formulas

FACTORING FORMULAS

Formula Name
1. A —B*=(A—B)(A+ B) Difference of squares
2. A>+ 2AB + B> = (A + BY Perfect square
3. A2 —2AB + B> = (A — By Perfect square
4. A° - B =(A - B)(A’+ AB + B?) Difference of cubes
5. A+ B°=(A+ B)(A* — AB + B?) Sum of cubes
. J

EXAMPLES:
1. 42% —25 = (22)? — 5% = (22— 5)(2z + 5)

2. (x+y)P?—-22=(@x+y—2)(r+y+2)
3. 272 —1=(3z)* — 1° = 3z — 1)[(3z)* + (3z)(1) + 1] = 3z — 1)(92% + 3z + 1)
4. 2548 = (223 + 23 = (22 +2)(2* — 222 + 4)
5. 22 +6x+9=2%+2(z)(3) +3* = (x + 3)?
6. 42 —day +19? = (22)® — 2(22)(y) + v* = (27 — y)?

Factoring an Expression Completely
EXAMPLES:

Lot =yt = (") = () = (@ = *) (@ +9°) = (v —y)(z + y)(=* + ¥°)

2. 22t — 8% = 22%(2? — 4) = 22%(x — 2)(x + 2)

3. 2% =y’ = ay? (' — y) = 2y (2® + y?) (2 — ) = 2y’ (2 + ?) (@ + y) (2 —y)
4. 3232 — 921?24 6272 = 30712 (2? — 30+ 2) = 327 V2(z — 1)(x — 2)

5. 242) e+ 2+2) P =2+2) P+ 24 2)] =24 2) 32+ 22)

=22+ 2)"%3(1 4 2)

Factoring by Grouping Terms

EXAMPLES:
L B34+ +dz+4= (P +2°)+ Yo +4) =2+ 1) +4(x+1)= (2> +4)(x + 1)

2. 23 —202 -3r+6= (2% —22%) — Bz —6) =2*(x —2) — 3(z — 2) = (z* — 3)(z — 2)



